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Dual of the given statement can be obtained by interchanging A and v
andis ~pv (~qvi)Aa(@valpvr=r.

Check Your Progress

1. Let P be “It is cold” and let q be “It is training”. Give a simple verbal sentence which
describes each of the following statements.

@ 7P B s +1)

© Pvgq (d) qv7P

2. Let P be “Ram reads Hindustan Times”, let q be “Ram reads Times of India,” and let r be
“Ram reads NBT! write each of the following in symbolic form:

(@)  Ram reads Hindustan Times on Times of India not NBT.

(b) Ram reads Hindustan Times and Times of India, on he does not read Hindustan
Times and NBT.

(c) It is not true that Ram reads Hindustan Times but not NBT.
(d)  Itis not true that Ram reads NBT on Times of India but not Hindustan Times.
3. Determine the truth value of each of the following statements:
(@ 4+2=5and6+3=9
) 3+2=5andé6+1=7
c) 4+5=9and1+2=4
(dd 3+2=5and4+7=11

D

4. Find the truth table of 7P A q.
5. Verify that the propostion P v 7 (P v q) is tautalogy.

6. Show that the propostions " (P A q) and " P v 7 q are logically equivalent.
7. Rewrite the following statements without using the conditonal:

(@ Ifitiscold, he means a hat.

(b)  If productivity increases, then wages rise.

Contd....
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8.

10.

11.

12,

13;

14.

15.

Determine the contraposition of each statement:
(a) IfJohn is a poet, then he is poor;
(b)  Only if he studies more then he will pass the test.
Show that the following arguments is a fallacy :
P—>q P+ Tq.
Write the negation of each statement as simply as possible.
P—sq q+ P
Let A = {1, 2,3, 4, 5}. Determine the truth table value of each of the following statements:
(a (@xeA)(x+3=10
b) (vxeA)(x+3>10
() (@ExeA)Ex+3I<5)
d (vxeA)x+3<7)

Determine the truth table value of each of the following statements where U = {1, 2, 3} is
the universal set:

@ IkVy,xX<y+l

b) vxIypx+y <12

© Vvxvy,x+y <12

Negate each of the following statements:
@ 3xvy,Ply)

b) 3xVvy,Plxy)

0 Z=3y3= Py )

Let P(x) denote the sentence “x + 2 > 5”. State whether on not P(x) is a propositional
function on each of the following sets:

(@) N, the set of positive integers;

b) M=(-1,-2,-3,..)

() C, the set of complex numbers.
Negative each of the following statements:
(@)  All students live in the domintonics
(b)  All Mathematics majors are values.

()  Some students are 25 (years) on older.

Contd....
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16. Let P denote the is rich and let q denote “He is happy”. Write each statement in symbolic
form using P and q. Note that “He is poor” and he is unhappy” are equivalent to. P and 'q
respectively.

(@)  If he is rich, then he is unhappy
(b) He is neither rich nor happy
(c) It is necessary to be poor in order to be happy.
(d) To be poor is to be unhappy.
17. Find the truths tables for :
@ Pvigq
b) Pr7q
18. Show that:
(a) P A qlogically implies P < q
(b) P — 7 qdoes not logically imply P < q.

19. Let A = {1, 2, ..., 9, 10}. Consider each of the following sentences. If it is a statement, then
determine its truth value. If it is a propositional function, determine its truth set.

@ (vxed)(vyehd)x+y <14
B) (vyeA)x+y <14
(@ (vxeA)(VyeA)(x+y <14
d @yed)x+y<14)
20. Negative each of the following statement:
(a)  If the teacher is absent, then some students do not complete their homework.
(b)  All the students completed their homework and the teacher is present.

() Some of the students did not compute their homework on teacher is absent.

1.10 LET US SUM UP

“A proposition is a statement that is either true or false but not both”.

The statement “It is not the case that P” is another proposition, called the negation of P. The negation
of P is denoted by GP.

The propositions “P or q” denoted by P v q, is the proposition that is false when P and q are both false
and true otherwise the proposition P v q is called the disjunction of P and q.

The proposition “P and ‘V’” denoted by P A q, is the proposition that is true when both P and q are
true and is false otherwise and denoted by “A”. It is called conjunction.
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The implication P — q is the proposition that is false, when P is true and q is false and true otherwise.
In this implication P is called the hypothesis (or antecedent or premise) and q is called conclusion (or
consequence).

A statement formula (expression involving prepositional variable) that is neither a tautology nor a
contradiction is called a contingency.

Two statements A and B in variable P, ...... Pn (n 2 U) are said to be equivalent if they acquire the
same truth values for all interpretation, i.e., they have identical truth values

A statement that is true for all possible values of its propositional variable is called a tautology. A
statement that is always false is called a contradiction and a statement that can be either true or false
depending on the truth values of its propositional variables is called a contingency.

1.11 KEYWORDS

Proposition: A proposition is a statement that is either true or false but not both
Truth Table: A truth table displays the relationship between the truth values of propositions

Tautology: A statement that is true for all possible values of its propositional variable is called a
tautology.

Duality: Any two formulas A and A* are said to be duals of each other if one can be obtained from the
other by replaying A by v and v by .

Quantifiers: When all the variables in a propositional function are assigned values, the resulting
statement has a truth value.

1.12 QUESTIONS FOR DISCUSSION

1. Consider the conditional proposition P | q. The simple propositions q— P, 7P — 7 qand " q —
" P are called respectively the converse inverse and contra positive of the conditional P — q.
Which if any of these proposition are logically equivalent to P — g?

2. Write the negation of each statement as simple as possible.
(a) If she works, she will down money.
(b) He swims if and only if the water is warm.
(c) If it shows, then they do not drive the can.

3. Verify that the proposition (P A q) A 7 (P v q) is a contradiction.
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Check Your Progress: Modal Answers

1. In each case, translate A, v and ~ to read “and”, “or”, and “It is false that” on “hat”,
respectively and then simplify the English sentence.

(a Ttis not cold
(b) Itiscold and training
() Ttiscold on it is training
(d)  Itis training or it is cold.
2. Vise v for “an”, v for “and”, (or, its logical equivalent, “but®), and 7 for “not” (negation).
fag PvaglaTr
B Pargv PAar)
© @A)
@ "lrvgAaTP]

3. The statement “P and q” is true only when both sub statements are true. Thus

(@)  False

(b) True

(c)  False

(d) True

4. P q P 7PAg

T T I F
I E F F
Birodhnosd ‘s
E F T E

5. Construct the truth table of P v 7 (P A q). Since the truth values of Pv 7 (P A g) is T for all
values of P and q, the proposition is a tautology.

P q Pvg 7(PaqPv'({Pvy

T T 5 F g
T F F T i1
E T F T T
P K F T T

6. Construct the truth tables for 7 (P A q) and " P v 7 q. Since the truth tables are the same, the

propostions ' (P A g) and 7 P A q are logically equivalent and we can write

"Prg=Pvq

Contd...
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P g VPlgd nRBvgiBi oo Ragea @Blachg
T =T o il s B P
L. E B L T FE EE T
Ei: T F T F T I FH g
Fi F H I 'F ik i

7. Recall that “If P then q” is equivalent to “Not P or ¢”; that is, P — q = "P v q. Hence,

(a) It is not cold on he means a hot.
(b) Productivity does not increase on wages rise.

8. () The contrapositive of P — qis 7 @ — 7 P. Hence the contrapositive of the given

statement 1s
If John is not poor, then he is not a poet.

(b)  The given statement is equivalent to “If Marc Passes the test, then he studied.” Hence
its contrapostive is

If Marc does not study, then he will not pass the test.
9. Construct the truth table for [(P — q) A "P]—= Tq.
Since the proposition [(P — g) A ' P] — 7 q is not a tautology, the argument is a fallacy.

Equivalently, the argument is a fallacy since in third line of the truth table P — q and 7P

are true but 7 q is false.

P q B 74 Conditional Converse Inverse  Contrapositive
Py gi~—>P TR yg

T T F B T T T T

T P H T F T T r

F T T F i ¥ B F ik

B B I X T T T 1

10. Construct the truth table for [(P — q) A " q] = P. Since the proposition [(P — g)A 7 q] =
7P is a tautalogy, the argument is valid..

P q (Poqa'qgl— ar
7 T T T T F F T T F 34
T o T E ol 3 ¢ b B T o T
F T F i T F F L T T F
F 3 F T F T 4 F T T F
Step 1 2 1 3 2 1 4 2

Contd...
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11. Construct the truth tables of the premises and conclusion as shown below. Now, P — 7q,

r — q, and r and true simultaneously only in the fifth now of the table, where P is also true.
Hence, the argument is valid.

P J i Poyg P q
1 T T b iy ¥ T F
s T T I3 F T B
3 T F T T F ¥
4 T F F T I F
5 F T T T T T
6 F e F T T xr
7 F F i T T T
8 E F 15 T T T

12. (a)  False. For no number in A is a solution to x + 3 = 10.
(b)  True. For every number in A satisfies x + 3 < 10.
(©  True. Forifx, = 1,then x, + 3 <, i.e., 1 is a solution.
(d)  False. For if x; = 5, then x, + 3 is not less than on equal.
(€)  Inother words, 5 is not a solution to the given condition.
13. (@ True Forifx = 1, then 1, 2 and 3 are all solutions to 1 < y+ 1

(b)  True. Foreachx, lety = 1; then x? + 12 is a true statement.
(c)  False. Forifx = 2andy, = 3,thenx+ y < 12 is not a true statement.
14. Use ™ yx P(x) =3x / P(x) and " Ix P(x) = v x P(x);
@ 7Gx vy, Pl y) = vx 3y, P, y)
®)  "(vx vy, Plxy) =3x 3y, "Plx,y),
© "@yIEvzPky 2)=Vy, vz "Pk,y,2)
15. fa)  Yes.

(b)  Although P(x) is false for every element in M, P(x) is. still al propostional function on
M.

() No. Note that 2i + 2 > 5 does not have meaning in other words in equalities are not
defined for complex number.

16. (a) At least one student does not live in the donmitonic.

(b) At least one Mathematics major is female.

()  None of the students is 25 on older.

Contd...
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i7 @ P

18. @@ P q ~q Pv-~gq (b) P q ARy P
T T F s I & F F F
A i T ik I F T F
B ER F E T iF F F
F E==4E L = B T T T

19. (2) The open sentence in two variables is preceded by two quantifiers; hence it is a
statement. Moreover, the statement is true.

) The open sentence is preceded by one uantifier; hence it is a propositional function
P P Y q prop
of the other variable. Note that for every y € A, Xty <l4ifandonlyif x = 1,2,

or 3. Hence the truth set is {1, 2, 3}.

(¢ Itisastatement and it is false: if x,=8andy =9, thenx + ¥, < 14 is not true.

(d)  Itisan open sentence in x. The truth set is A itself.
20. (@)  The teacher is absent and all the students completed their homework.
(b)  Some of the students did not complete their homework and the teacher is absent.

(©)  All the students completed their homework and the teacher is present.

1.13 SUGGESTED READINGS

Anuranjan Misra, Discrete Mathematics, Acme Learning pvt Itd.

Richard Johnsonbaugh, Discrete Mathematics, Prentice Hall
V. K. Balakrishnan, Introductory Discrete Mathematics, Courier Dover Publications,
R. C. Penner, Discrete Mathematics: Proof Techniques and Mathematical Structures, World Scientific, 1999

Mike Piff, Discrete Mathematics: An Introduction Jor Software Engineers, Cambridge University Press, 1991
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2.0 AIMS AND OBJECTIVES

After studying this lesson, you will be able to:

Understand the various ways to represent the sets
Understand the infinite sets
Understand the set operations

Understand the union and intersection terminology
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® Explain the symmetric difference
®  Explain the law’s of identities

®  Gain knowledge about the symbolic logic

2.1 INTRODUCTION

A set is a collection of definite distinguishable objects such that, given a set and an object, we can
ascertain whether or not the specified object is included in the set.

Sets A set is a well-defined collection of distinct objects.

By a ‘well defined” collection of objects, we mean that there is a rule (s) by means of which it is
possible to say that without ambiguity, whether a particular object belongs to the collection or not.

By ‘distinct’ we mean that we do not repeat an object over and over again in a set.
Elements

Each object belonging to a set is called an element (or a member) of the set. Sets are usually denoted by
capital letters A, B, C, N, Q, R, §, etc. and the elements by lower case letters. a, b, ¢, x, y, etc.

The relationship of an object to a set of which it is an element, is called a relation of belonging.
Examples:
(1) Set of natural numbers:
N ={1,2,3,4,56,..}
(i) Set of integers:
I={0,+1,+2 43, +4,..}

(i) Set of even integers: Any integers of the form 2n, where n is an integer is called an even integer.
Thus 0, +2, +4, £6, ... are even integers.

(iv) Set of odd integers: Any integer of the form 2n-1 or 2n+1, where n is an integer is called an odd
integer. Thus +1, +3, +5, ... are called odd integers.

(V) Set of non-negative integers: It contains all positive integers
Oy 152534500

(vii) Set of all rational numbers: Any number of the form p/g, where p and g are integers and g # 0 is
called a rational numbers. The set of all rational numbers is denoted by Q.

(viii) Set of all complex numbers: Any number of the form a + ib.

2.2 TYPE OF SETS

2.2.1 Singleton Set

If a set consists of only one element, it is called a singleton set.
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For example:
{1}: {O}s {‘z}: {b}, etet
2.2.2 Finite Set

A set consisting of a natural number of objects, 7.e., in which the number of elements is finite, is called
finite set.

For example:
o R R
and B = {4, 8, 16, 32, 64,91}

Since A contains 4 elements and B contains 6 elements, so both are finite sets.

2.2.3 Infinite Set

If number of elements in a set is infinite, the set is called infinite set.
For Example: Set of natural numbers.

N = {1, 2,3,4,..} is an infinite set.

2.2.4 Equal Set
Two sets A and B consisting of the same elements are called equal set.
For example:
A= {1,5,9}
B ={1,5,9)
So here A = B.

2.2.5 Pair Set
A set having two elements is called pair set.

For example:

{1, 2}, {0,3}, (4,9}, {3,1}, etc.

2.2.6 Empty Set
If a set consists of no elements, it is called the empty sector null set or void set and is represented by ¢.
Here a point is to be noted that ¢. is a null set but { ¢.} is singleton set.
Example: Which of the following are valid set definitions?
A = {4,5,8)
B=1{a,b,ac}
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C={ab}
D={1,2,34,5,6}
S: A is a valid set, containing three elements 4, 5, and 8.

B looks to be equally valid except for the occurring of two a’s. We can certainly check for inclusion
within the set and this is surely the most important element. Hence we might regard this as valid and
equal to {4, b, ¢}. However, there are problems that original definition of B and remove one of the a’s
then we apparently have 2 € B and 2 € B. This conclusion is not allowed since it is inconsistent, hence
we shall regard repetition within a set as referring to the same element and its duplication as being an
oversight; the removal of duplicates forms the basis of several mathematical arguments later on. C s a
valid set, containing 2 elements, 2 and &.

D is a valid set, containing 6 elements 1, 2, 3, 4, 5 and 6.

2.3 METHODS OF REPRESENTING A SET

The most common method of describing the sets are as follows:

® Roster method or listing method or Tabular method.

e  Set Builder method or property method or Rule method.

2.3.1 Roster Method

In this method, a set is described by listing all its elements, separating them by commons and enclosing |
them within brackets (only brackets).

Example:

(i) If A is the set of even natural numbers less than 8.
A = {2,4,6}

(1) If B is the set of odd and numbers less than 17.
B ={1,3,5,7,9, 11, 13, 15}

2.3.2 Set Builder Method

Listing elements of a set is sometimes difficult and sometimes impossible.

In this method, a set is described by means of some property which is shared by all the elements of the
set.

Example:
(i) If A is the set of all prime numbers then,
A = {x:xisa prime numbers}
(i) If A is the set of all natural numbers between 10 and 1000 then,

A = {x:x Nand 10 < x < 1000}.



M.S. University - D.D.C.E. Set Theory 37

2.4 COMBINATION OF SETS

@

Subsets of a given set: Let A be a given set. Any set B, each of whose element is also an element of
A, is said to be contained in A and is called a subset of A. Subset is represented by .

Example:

Let A = {a, b, c}, B is a subset of A represented by B C A then subsets of A are.
{a}, {B}, {c}, {a, b}, {b, ¢}, {c, a}, {a, b, ¢} and ¢.

Example:

Proper subset: If B is subset of A and B # A then B is called proper subset of A. In other words, if
each elements of A, which is element of B, then B is called a proper subset of A.

In example () {a} {6} {c} {4, &} {b, ¢} {c, a} and ¢ are proper subset (S) of A. and in Example
g 1% 123 B 4 1L 2L 1,98, 21,40 &5 4} {3, 4}, {1, 2, 3}, {1, 2, 4}, {2, 3, 4} and ¢ are
proper subset of A.

Universal set: Any set which is super set of all the sets under consideration is known as the
universal set and is denoted by Q or S.

Intersection of sets: If P and Q are any two sets then all the elements which are common in P and
Q, set of these elements is called intersection of P and Q and is denoted by P N Q.

In Symbols:
PNnQ={x|ePandxe Pandxe Q}

Example 1: Let P = {1,2,3,4} and Q = {2, 4, 6, 8}. then
PnQ=1{24}

Example 2: Let P = {a,b,¢c,d, e, fy and Q = {4,b,¢,d, g, b, i, }
PrnQ={abcd.

Union of sets: If P and Q are any two sets then all the elements which are either in P or in Q, set of
these elements is called union of P and Q and is denoted by P U Q.

Inaymbols:
PuQ={x|xePorxe Q}

Example 1: Let P = {7, 8,9, 10} and Q = {9, 11, 12, 14}, then
PUQ =1{7,8,9, 10,11, 12, 14}

Example 2: Let P = {a, b, ¢, d, e,f and Q = {a, b, c, d, g, b, 1, j}, then
PuQ wia b odefehij)

Disjoint sets: Two sets are said to be disjoint. If they have no elements in common. Let A and B
are any two sets with no common element.

ortANB=0¢

i.e. two sets called disjoint if there intersection is a'null set.
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(v1)

Example I: Let A = {1,2,3,4} and B = {5,6,7, 8}
AnB=9¢

Since no element is common in set A and B.

Example 2: Let A = {a, b, c} and B = {e,f, g}

SoAnB=¢

Since no element in A and B is common.

Difference of two sets: The difference of two sets A and B is the set of all elements which are in A
but not in B and is denoted by A - B.

Or symbolically: A-B = {x| x€A;x & B}.

Similarly: The difference of two sets B and is the set of all elements which are in B but not in A
and is denoted by B - A.

or
Symbolically:
B-A= {x|xe Bjx¢& A}

Example 1: Let A = {1,2,3, 4}and B = {2,4,6, 8}, then find A-Band B- A
Sodution: A—B = {1,3}

B-A= {68}
Example 2:Let P = {a, b, ¢,d} and Q = {c,d,e f,g b}, thenfind P-Qand Q - iy
Solution: P - Q = {a, b}.

Q-P={efghh

(vii) Symmetric difference of two sets: The symmetric difference of two sets. A and B is the set of the

elements which are in the union of (A - B) and (B - A) and is represented by A.
So,
App = (A-B)u (B - A)

Example 1: Let A = {1,2,3, 4,5, 6} and B = {4,5,6,7,8,9, 10} then, find symmetric difference
of sets A and B.

Solution: Here A - B = {1, 2,3}
B-A= {7,8,9,10}
So, ~ Aum= (A-B)u B-A)
- 11,29, 7.5,9, 1)

(viii) Super set: If A and B are two sets and A is the subset of B then B is a super set of A. It can be

written as,

BoA
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Example 1: A = {1,2,3},B = {1,2, 3, 4}
Since ACB
then here, we can say that,
Bo A

Universal set: Any set which is super set of all the sets under consideration is known as the
universal set and is denoted by Q or S.

Example: Let us take some sets

A={1,2,3},B ={4,56},C = {6,7, 8,9}

D ={10, 11, 12}, E = {9, 10, 11} F = {6, 7, 9}, then
Universal set,

§={1,2,3,4,567,8,9,10, 11, or any super set of S}

Complement of A set: Let U be the universal set and A  U. Then, the complement of A is the set
of those elements of U which are not in A. The complement of A is denoted by AC,

AC =U-A
={x:xU€andxg A}
= {X :x ¢ A}
Complement of a set is set itself.
e, (AC)C = A
Some Symbols
Symbol Meaning
€ ‘belongs to” or ‘is a member of’
z does not belong to
C is a subset of
5 is a super set of
v/ union of sets
A intersection of sets
AC or A complement of A
iff If and only if
rord.t. or| Such as
v forall
3 there exists
= implies
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(xi) Partition of a set: A set {A, B, C, ...} of non-empty subset A, B, C, ... of a set S, is called a partition
of S if.

gl ARUBUTL .8

(b) The intersection of every pair of distinct subsets is the empty set.
{(¢) Clearly shows no two of A,B,C. ... have any element in common.
Example: Consider the set S = '{1, 35,7, % 11} and s,

Subsets A, B and C such

A =11,59,B= {5 7,0 = ¥it}

Clearly (}) A, B, C are non empty.

() AUBUC=1{1,3,5,9,11} = S.

(i) AnB=¢0,BNC=0andCnA=19¢

Hence the set {1, 8,9}, {3, 7} and {11} is a partition of the set S.

2.5 MULTISETS

Multisets are unordered collections of elements where an element can occur as a member more than
once. The notation {m, x a,, m, x a,, ..., m, x a,} denotes the multiset with element 4, occurring m,

times, element a, occurring 7, times, etc. The numbers m, where i = 1, 2, .., 7, are called the
multiplicities of the elements 4, where i = 1,2, ..., ». Alternatively, a multiset can simply be denoted as
a set where repeated elements simply appear multiple times in the representation, such as {a, 4, b, a}.

Let P and Q be multisets. The union of P U Q is a multiset such that the multiplicity of an element in
P u Q 1s equal to the maximum of the multiplicities of the element in P and in Q. For example,

P=farsaeddl—O={aabed Pio)=fa, a,a by c¢, d, d}

Note that some definitions of the union of P U Q of two multisets P and Q state that the multiplicity
of each element in the union is the sum (rather than the maximum) of the multiplicities of the element
in P and Q. Such a definition is also useful in some contexts, but for the purposes of this class, we’ll
simply define the union using the maximum of the multiplicities of the element in the original sets,
and define a separate operation (defined later) for the sum. With that said, when dealing with multisets,
make sure you know which definition of union you are dealing with!

Now, let set multiset P consist of {EE, EE, EE, ME, MA, MA, CS} — these represent the majors of the
personnel needed to complete phase 1 of a project. Multiset Q consists of {EE, ME, ME, MA, CS, CS}
- these are the majors of the personnel needed for phase 2 of the project. The multiset P U Q gives us
the exact number of personnel we need to hire for the project.

The intersection of P N Q is a multiset where the multiplicity of an element in P n Q is the minimum
of the multiplicities of the element in P and in Q. For example,

P=dgadcddf O ={abe ) PriQ) = fa, a0}

The intersection could be used in the example dealing with the project above to tell us the personnel
involved in both phases of the project.
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The difference of two multisets P - Q is the multiset such that the multiplicity of an element in the
difference P - Q is equal to the multiplicity of the element in P minus the multiplicity of the element
in Q if the difference is positive, and 0 otherwise. For example,

P=1{aaab,b,cdde} Q=A{aa,b,b,b,c,c,d,d,f} P-Q={ae}

This would give the personnel that have to be reassigned after the first phase of the project (they are
not involved in the second phase).

We define a fourth operation on multisets that does not apply to regular sets. The sum of two
multisets P + Q is the multiset where the multiplicity of an element in P + Q is equal to the sum of
the multiplicities of the element in P and in Q. For example,

P={aab,cc} Q=1{4b,bdl P+Q=1{a,aabbb.cecd}

As an example, think of P as the multiset of all account numbers of transactions made at a bank on a
particular day. If Q is the multiset of all account numbers of transactions made the next day, then P +
Q is a combined record of account numbers of transactions for the two days. You would want the sum
because one account number may have made several transactions in the two days.

Multisets can be useful for a certain class of problems (such as the engineering project example).

Example: P is a multiset that has as its elements the types of computer equipment needed by one
department of a university where the multiplicities are the number of items required. Q is the same
type of multiset but for a different department.

P = {107 x PCs, 44 x routers, 6 x servers}
Q = {14 x PCs, 6 x routers, 2 x Macs}

Problem 1: What combination of P and Q represents that the university must buy if there is no sharing
of equipment?

Solution; Since no equipment is shared, each department needs to have its own version of the
equipment. Thus, the combination of equipment needed is :

P+ Q = {121 x PC’s, 50 x routers, 6 x servers, 2 x Macs}
Problem 2: What combination of P and Q represents, what must be bought if the two departments share?

Solution: If the two departments share, then the number of each item is simply the maximum of the
needs of both departments. Thus, the combination of equipment needed is:

PuUQ = {107 x PC’s, 44 x routers, 6 x servers, 2 x Macs}
Problem 3: What combination of P and Q represents the actual equipment that both departments share?

Solution: The combination of equipment shared by the two departments is simply the overlap in the
equipment needed by each department. Thus, the combination of equipment shared is:

PN Q = {14 x PC’s, 6 x routers}.
Solved Example
Example 1: Find the smallest set X such as,

XuU{1,2} = {1,2,3,5,9
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Solution: Since
X 7= 41,25, 5:9]
So,
Smallest set X contains all the elements except {1, 2}
So,
M =43, 5,9}
Example 2: Let A = {1,2},B = {2,4,6,8}and C = {3, 4, 5, 6}
Find: AUB,BAC,A-B,B-A,An(BUC),AU(BNC),and (AUBUC)
Solution: Here given,
A ={1,2,3},B ={2,4,6,8and C = {3,4,5, 6}
AUB={l 25 a8
BN C ={4,6}
& ~B =l 5
B-A ={4,6,8}
AnBUC) ={1,2,3} N {2,4,6,8} U {3,4,5,6}
—{1,2,3) " {2,3,4,5,6,8}
={2,3}
AU(BNC) ={1,2,3}U{2,4,6,8n{3,4,5,6)
= {12, 3 {4, 6}
={1,2,3, 4, 6}
AUBUC={1,2,3} u{2,4,6,8UY{3,4,5,6}
_ ={1,2,3,4,5,6,8}
Example 37160 ={1,2,3,4,5, 6,7,8,9)
A={1,2,3,4},B={2,4,6,8}and C = {3,4,5, 6}
Find A’, AUB),(AnC) and B-C)
Solution: Here given

Ufl,2,3,4,56 7,8 90 A = {1,2,3,45 B = {2, 4,6, 8)
and

C ={3, 4, 5, 6}
now, A=U-A
A’ ={5,6,7,8,9}
AUB={1,2,3,4,6,8}
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(AUB)Y =U-(AUB)
={5, 7,9}

(AN C) ={3,4}

AnCy=U-(AnQ
={1,2,5, 6,7, 8, 9}

B-C={2,8}

(B-Cf =U=[B=6)

={13,45,67 9

Example 4: Let U = R the set of all real numbers. If A = {x:xe€ R,0<x<2},B={x:x€ R,
1< x <3} then,

Find A, B, AUB,AnB,A-Band B-A.
Solution: A’ = R- A = {x:x€ Randx ¢ A}
={x:(x€e Randx > 2) or (x € Randx<0)}
={x:xe Randx > R}u{x:xe Randx <0}
B ={x:xe Randx=<1}U{x:x€ Randx > 3}

Similarly: AuUB={x:xe Rand0<x<3}

ANnB={x:xe Rand1<x<2}

A-B={x:xe Rand0< 1}
Example 5: 1f A = {2,3,4,8,10},B = {1, 3,4, 10, 12} and

C=1{4,56,12,14,16} Find(AUB n(AuC)and(ANB)U (AN C)
Solution: Here given A = {2,3,4,8,10}, B = {1, 3, 4, 10, 12} and
C ={4,5,6,12,14,16}

then,

AW =123, 4 B, 10,12)

AuC={2,3,4,56,8, 10, 12, 14, 16}

(AuBNn(AuC) ={2,3,4,8,10, 12}
ANB ={3, 4,10}
AnC={4}
(AnB)UANC) ={3,4, 10}

Example 6: Solve 3x2 - 12x = 0 where,
()xe N,()xeL({i)DeS={a+ib;b#0,a,be R}
Solution: We have 3x2 - 12x = 0
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x(x-4) =0
x(x-4) =0
x =04
(1) Ifx € N then,
x = {4}
(i) Ifx = Ithen,
x = {0,4}

(i) If x € S, then since there is no root of the form a + ib where a and b are constant and b # 0 the
solution set in this case is ¢.

Example 7: Let A = {8:2 cos?© + sin 0 <2} and B = {Q : /2 < 6 < 3n/2} then find A N B.
Solution: As given sets, B consists of all value of 6 in the interval 1/2 < 8 < 37/2 and set
A consists of all value of 8 which satisfy the inequality
2cos2B +sinO<2 sxal)

Hence A N B will consist of all those values of 0 in the interval /2 < 8 < 31/2 which satisty the
inequality (1),

The inequality (1) is equivalent to the inequality
2-2sin’0 +sin0<2
ie., sin® (1-2sin0)<0.. > (2)

The inequality (2) is satisfied by all those values of 8 which satisfy sin 8 <0 orsin 6 > .

Now the values of 8 which lie in the interval gs 0 <3m/2 and satisfy sin © <0 are given by g <m<
3m/2. And then values of 8 which lie in the interval gs 8<3n/2 and satisfy sin 6 > % are given by
350<51/6.
Thus the solution set of inequality (1) consists of all values of 8 in the intervals /2 <8 < 51/6 and 7/2 <
0 <3m/2.
Hence, ANB = {8:m/2<0<51/6 or 1 <6 <3m/2}
Example 8: 1 X = {4"-3n-1:neN}andy = {9 (- 1: 7€ N} prove thatx Cy.
Solution: Let x, = 47 - 3n - 1 (n€ N) then,

Jog et e o e
and for n > 2, we have

x, =(1+3)-3n-1
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=+ 3+ P H v P =In=1
=143+, P+t ¥-In-1
2R 4+ 3In =9, + ..+ 37
Thus xn is some five integral of 9 for n > 2.

Hence x consists of all positive integral multiple of 9 of the form 94, where a, = nc, + nc;.3 + ...
+ 37-2together with 0.

Also y consists of elements of the form 9 (n - 1) (» € N) that is, y consists of all positive integral
multiple of 9 together with C.

It follows that X C Y.
So,
o w05 50, 045 .. ]
and
y ={0,9, 18,27, 36, 45, 54 ...
Hence X is a proper subset of Y.
orXcY
Example 9: 1 IN = {ax : x € N}, Describe the set 3N N 7N.
Solution: According to the given nation, .

N ={3x:xe N} = {3,6,9,12,..}
and 7N ={7x:x € N} = {7, 14, 21, 28, 35, 42, o |
Hence

INA7N ={21, 42,63 ..}
={21x:xe N} = 2IN

2.6 LAWS OF OPERATIONS (GENERAL IDENTITIES ON SETS)

If A, B, C are any subset of a universal set U then,

1. Idempotent Laws:

) AUA=A

i) AnA=A
2. Identity Laws:

@) Aud=A

() Ano=A



46 Mathematics-I (Discrete Mathematics)

3.

Commutative Laws:

() AuB=BUA

() AnB=BnA

Associative Laws:

() ANB)UC=ANBUQ)

i) AnNnBNnC=AUuBNC
Distributive Laws:

() AU(BNnC =(AuBNnAUQ)
() An(BuUC)=ANnBUANQ)
De-Morgan's Law:

& AUBY=A"NB

() AnBy=A"UP

M.S. University - D.D.C.E.

ie., () Complement of union of two sets is the intersection of their complements.

(i) Complement of intersection of two sets is the union of their complements.

More generally, If A, A, ... A, are any sets,

(A, UA,U..UA)Y = A]nA; NA3..NAY

(A, NA,..NAY = AJUA)..NAj,

7. Complement Law:

®H AUA’'=S

(i) ANA =0

(@23) (A"Y = A

Law of inclusion:

() Ac(AuB)andBc(AUB)
(i) (AmB)cA)and ANB)CB
Law of difference:

M) A-¢=A

() A-A=0

Proof of Operation on Sets

1.

Properties of subset,
() Toprove AUA=A

Let,xe AUA=>xe Aorxe A
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()

(#71)

= x€A

Ly AUACA

Conversely,

Let,xe A=>x€ Aorxe A
= x€ AVA

L AT AUR

By equations (1) and (2) we get,
AUuA=A

Toprove AnA =A

Here, x€e AnA =xecAandxe A

= x€A

te. AnAcA

Conversely,

x€A =xeAandxe A
=>xe ANnA
ACA €A

By equations (3) and (4) we get,
AnA=A

Toprove AUB = A, IffBC A

xeB = xe€ A

Nowxe AUB=xe Aorxe B

=xe€ Aby eqﬁation (5)

te; AUBCA

Conversely,

x€A —=xeAorxeB
=>xe AuUB
AcCcAuUB

So by equations (6) and (7) we get,
AuB=A

Nowlet AUB = A

ie., x€EAorxe B==xe A

xeEB=>xe A

Set Theory 47

(1)

-2)

.(5)
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Hence, Bc A
e, AuB=A = BcCcA
or AUB=ATfBcA
(v) Toprove ANB = A, Iff ACB
Let, ACB
XEAK =S xelB
Nowxe ANnB=xe€ Aandxe B,
=x€A
ie, AnNBCA
andx € A= x€ Aandxe B by equation (8)
= x€AnNnB
AcCcAnB
By equations (9) and (10) we get,
AnB=A
Nowlet AnB = A
e, x€ A—>xe Aandxe B
x€A ==xeB
te; ACB
By using equations (11) and (12) we get,
AnNnB=AiffAcB
Properties of Intersection Operation on Sets
({) Intersection operation is commutative
e, ANB=BnA
Proof:Letxe AN B
by the definition of intersection:
xe AnB
= xe€Aandxe B
= x €Bandxe A
= x€BnNA

we, AnB cBnA

M.S. University - D.D.C.E.

..(10)

it

(12)

20
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Conversely
yeEBNA
By the definition of intersection
x€BnNA
= x€Band xe A
= x€Aand xe B
= xeAeB
e, BNA cAnB k2]
By using equation (1) and (2) we get,
AUB=BnA
() Associative law holds in case of intersection of three equal sets.
A,BandC:(ANB)NnC=ANBNC)
Proof:Letxe (ANB)NC,
So, x e ANnB)NC
= x€(AnB)andxe C
= x € Aandxe Bandxe C
= x € Aandxe BN C)
= xe€e AnBnQ).
ie, ANB)NnCc An(BNC ashl)
Conversely let,
be An(BNC)
beAandbe BNC
beAandbe Bandbe C
(b € Aandbe B)and be C
be(AnB)andbe C
= be(AnB)NC ,
ie, (ANB)NC c(ANB)NC -2
By using equations (1) and (2) we get,
(ANB)nC=ANBNQC

Properties of Union Operation

VA

() Commutative Law: To prove that
AUB=BUA
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Proof:Let x € AUB
x€AUB
= xe€AorxeB
= xe€Borxe A
= x€BUA
AUB cBUA
Conversely let, y e BUA
But y e BUA
= yeBorye A
= yeAoryeB
= yeAuUB
BUA CAUB
By using equation (1) and (2) we have equations:
AuB =BnA
(1) Associative Law: To prove that,
AuBuUuC=AUB)C
Proof: Let,xe AU (Bu Q)
Hence, x e AuBuUC
= xe€AorxeBorx
(xe Aorxe B) orxeC
x€ (AUBlor xeC
xe (AuB)uUC
AvuBuCic AUBWC

U U u

Conversely, letxe (AUB)UC,
Here,

y e (AuB)uC

(x e Aorxe B)jorxe C

x € Aorxe Borxe C

x € Aorxe BuCQ)

=
=
= x€Aor(xeBorxe C
=
=> xe€e AuBuUCQ

M.S. University - D.D.C.E.

(1)
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= (AUBlUCc AUBUCQ) 5
By using equations (1) and (2) we get,
AUBUQ =(AUBUC
(i11) Distributive laws: For three given sets A, B and C to prove that,
@ An(BuUCQ) = (ANB)U(ANC)
) AU(BNC) = AUB N(AUCQ)
ProgfiLetae A n (B u C),
Here 2eAn@BuCQ)
= a€AandaeBuC
= a€Aand(ze Borae Q)
= (@€ Aandxe B)or(ze A)orae )
= a€AnBorae ANnC
= 2€ (AN BUANQ
Hence,
AUBUC C(ANB)UANC) (1)
Converselylet b€ (AnB)U(ANC)
Here, b€ (AnB)U(ANC)=be AnBorbe AnC
= (P eAandbe B)or(be Aandbe C)
= (b eAandbe B)or(be Q)
= (b eAandbe BUCQ)
= (beAnBuUCQ
ANB)UANC) c ANBUCQ) vl
By using equations (1) and (2) we get,
Hence, AnBUC) = AnB)U(ANC)
Number of Elements in the Union of two Or more Sets

Let A, B and C be three finite sets and let n(A), n(B), n(C) respectively denote the number of elements
in these sets . Then we see that,

n (A UB) =n(A) +n(B)-n(ANB) sald)
In case A and B are disjoint sets then,AnB = ¢and 7 (A N B)=n(®)=0
Le., for disjoint sets A and B

n(A UB) =n(A) + n(B)



